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REGULAR TRANSFORMATION GROUPS BASED ON 
FOURIER-GAUSS TRANSFORMS 

MAXIMILIAN BOCK AND WOLFGANG BOCK 


Abstract. We discuss different representations of the White noise spaces 
{E)^, 0 < /3 < 1 by introducing generalized Wick tensors. As an application 
we state the following generalization of the Mehler formula for the Ornstein- 
Uhlenbeck semigroup, see [HKPS93, p. 237]: 

Let a, 6 E C, 0 </3 < 1. Then a-Ac + fe-A is the equicontinuous infinitesimal 
generator of the following differentiable one parameter transformation group 

{A.MlteiR C GL{{E)py. 

(i) if b 7^ 0 then for all ip £ {E)p, t E R : 

Pa,b,ti^) = J (1 - ^)(1 - + -y) dp,{x) 

E* 

(ii) if b = 0 then for all p E {E)p, t E R : 

Pa,o,t{p) = j p{V2^’X-\-y) dp{x) 

E* 

On an informal level the second case of the above theorem may be looked 

upon as a special case of the first one. Note that by the rules of I’Hopital we 

have lim(6 — a) —r— = 2at. 

6-s.o^ ' >> 


1. Introduction 

In finite dimensional analysis convolution and Fourier transform appear in many 
different applications. Since the Fourier transform is symmetric w.r.t. dual pairing 
it extends naturally to generalized functions. The Fourier transform on {E)*^ 
resembles the finite dimensional Fourier transform in the sense that it is the adjoint 
of a continuous linear operator from the space of test functions into itself. This 
adjoint is a so called Fourier Gauss transform. In Gaussian Analysis, the Fourier- 
Gauss transform ©a,b(<p) of tp £ {E)i 3 is defined by 

^a,b{f){y) = J + hy) dy,{x), a,b gC, 0</3<1 
see e.g. [HKPS93], [Lee83] and [Kuo96]. 

The Fourier-Gauss transform is in L{{E)i 3 , {E)^) and the operator symbol is given 
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by 


®a,6(C)?7) = exp 


1 

2 


(a^ + 


1 ) {^,0+b{^,v) 


for all 77 G Ec, 


see [Kuo96, Theorem 11.29, p. 168-169]. Hence 

®a,6 = r(5 Id) o exp(i(a^ -f 6^ - 1 )Ag), (1.1) 

where Id denotes the identity operator. Considering this formula, we show that we 
can find a suitable representation of the white noise space, such that equation (1.1) 
will be just consisting of second quantization operators and is thus comparable to 
the approach in [B14] 

This will be done by introducing generalized Wick tensors. For m G N, kq m G 
we define generalized Wick tensors by 


: X 


0n . _ 

•«^0,Tn — 


L^J 

E 




(n 


n! 

mky.kl 


^0{n-mk) 


0 K. 


§)k 

0,m' 


We show that for each test function (p in the space (FI)/?, with < /3 < 1, 

we have a unique representation 


n—0 

with ipn G {E^^)sym for all n G Nq. 

Indeed we can rewrite the Fourier-Gauss transform 0^,6 as a suitable second quan¬ 
tization operator {r^o ,,(6/(i)}. Using generalized Wick tensors it is very natural 
to find a larger class of one parameter transformation groups, see 6.15. As an 
application we deduce explicitly the regular one parameter groups corresponding 
to the infinitesimal generators aAo + bN. 


In order to classify regularity we use and extend the result from [Obll, Theorem 
5.6, p. 671]. There it is shown, that there exists a continuous homomorphism C 
from {E)*p to L{{E)p, {E)p). We show furthermore that this homomorphism is 
even an isomorphism from (A)^ onto Im(C). We use this theorem to prove easily 
the differentiability of some one parameter transformation groups. Moreover we 
want to show that these transformation groups have equicontinuous generators. 
In particular we show that every differentiable one-parameter subgroup of GL(X), 
where is a nuclear Frechet space, has an equicontinuous generator, see 5.8. 


2. Preliminaries on white noise distribntion theory 

Starting point of the white noise distribution theory is the Gel’fand triple 

E C L^{^,dt) C E\ 

where FI is a nuclear real countably Hilbert space which is densely embedded in 
the Hilbert space of square integrable functions w.r.t Lebesgue measure F^(]R, dt) 
and E* its topological dual space. 
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Via the Bochner-Minlos theorem, see e.g. [BK95], we obtain the Gaussian measure 
/r on E* by its Fourier transform 



exp(z(a;, ^)) d^{x) 




where |.|o denotes the Hibertian norm on L^(R, dt). The topology on E is induced 
by a positive self-adjoint operator A on the space of real-valued functions El = 
L^(R., dt) with inf <j{A) > 1 and Hilbert-Schmidt inverse A~^ . We set p := 
ll^~^llop ^ ■“ ll^~^llps' that the complexihcation Ec are equipped 

with the norms := forp G M. We denote iJc := C, dt) furthermore 

Ec,p := G ICIp < ooj and E* := G E*\ |^|p < oo|, for p G R resp. 

Now we consider the following Gel’fand triple of White Noise test and generalized 
functions. 

iE)0 C (L^) := L\E\p) C {E)}, 0 < /3 < 1 

By the Wiener-Ito chaos decomposition theorem, see e.g. [HKPS93, Ob94, Kuo96] 
we have the following unitary isomorphism between (T^) and the Boson Fock space 

r(idc): 


(L^) 9 cl>(a:) = ^ (: x®" :, /„) GA (/„) ~ $ g r(idc), /„ G , (2.1) 

n—Q 


where : x®” : denotes the Wick ordering of a;®" and id®” is the symmetric tensor 
product of order n of the complexihcation He of H. Moreover the (T^) - norm of 
<i> G (T^) is given by 

OO 

l^lo = '^n\\fn\l 

n—0 

The elements in (i ?)/3 are called white noise test functions, the elements in (E)*^ 
are called generalized white noise functions. We denote by ((.,.)) the canonical 
C-bilinear form on {E)*^ x {E)^. For each <I) G (E)’^ there exists a unique sequence 

iFu)Zo^Pn G (F;®”)* such that 

OO 

(($,p)) = ^n!(F„,/„), (/„)~PG(F ;)9 (2.2) 

n—0 

Thus we have, see e.g. [HKPS93, Ob94, Kuo96]: 


iE)p 9 $ ~ (/„), 


/ OO 


if and only if for all p G M we have /? ■= ( X! \ fn\p ) < oo. Moreover 

for its dual space we obtain 


\n—0 


{E)*p 9 ~ (F„), 

if and only if there exists a p G R such that |<I)|p _,g := f ^ (n!)^“^ \Fn 


(2.3) 


n=0 


< OO. 
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For p € R we define 

{E)p,p := |(/? G {E)*p : < ooj and {E)p_0 := jv? G (- 6 ^)^ : l‘Plp,-/3 < 00} • 

It follows 

(-E ^)/3 := proj lim(F;)p ,/3 

p —¥00 

and 

(F;)« = indlim(F;)p 

^ p —¥ —00 

Moreover (i?)^ is a nuclear (F)-space. In the following we use the abbreviation 
{E) := (F;)o. ^ 

The exponential vector or Wick ordered exponential is defined by 

00 

$^(a;) — x®” C®”) for £, & Ec and x & E* . (2.4) 

n —0 

For y G same notation, which is only symbolic, and define G {E)*^ 

by: 

00 

{E)p 9 V- ~ (/n)n 6 N 0 : := E (y®"’/-) 

n —0 

Since G (S)/?, for ^ G Flc and 0 < /3 < 1, we can define the so called S'-transform 
of T G (S); by 

Moreover we call S'(4')(0) the generalized expectation of G {E)*p. 

The Wick product of 0 G {E)*p and dt G {E)*p is defined by 

4-0 0 := 5-1 (S'(T)-S'(0)) G {E)}, 

see e.g. [HKPS93, Kuo96, Ob94]. 

In the following we list some basic facts about integral kernel operators. 

Definition 2.1. Let 1, m be nonnegative integers. For each Ki^m G 

the integral kernel operator 'E.i^rn{Ki,m) G L{{E)p^ {E)*p) with kernel distribution 

Kpm (see [Ob94, Proposition 4.3.3, p. 82]) is defined by 

00 / \ I 

^l,m{Kl,7n){V’) = E ^ ^ 1 ^ ’ (■ a;®^'+”^ :, Kl,m'^mfn+m'j , ‘f ^ [fn) G {E)p, 

n—Q 

(2.5) 

where Kprn®mfn+m IS the right contraction (see [Ob94, Section 3.4, p. 53 ff]). 

Remark 2.2. Note that (: x®('+”) :, Kprn^mfn+m) = {■ x®('+”) :, «;/,m®m/«+m), 
because : : is symmetric and means the right symmetric contraction. 

The correspondence Kprn 99 'Eprn{ni,m) is one-to-one if upm G (F^c ^*"''’”^)s^/m(/.m)■ 
Furthermore it is known (see [Kuo96, Section 10.2, p. 123 ff]): 

G L{{E)p, {E)p) ^ Kpm G (FI®') ® (FI®™)* 


( 2 . 6 ) 
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By a dual argument to [Ob94, Theorem 4.3.9] it is known that an integral kernel 
operator is extendable to on operator in L{{E)*p,{E)*p) if and only if 

G {Ef r ® \eI^). 

The operator symbol of S G L{{E)p, {E)*p) is dehned as S(^,7y) := ((S($ 5 ), $,;)) 
for ?7 G Ec- 


3. Convergence of generalized functions 

Let X be a nuclear (F)-space and X* its dual space w.r.t. the strong dual topol¬ 
ogy. Recall that L{X,X) is equipped with the topology of bounded convergence, 
namely the locally convex topology is defined by the semi-norms: 

||T||^_^:= suplT^lp, TeL{X,X) (3.1) 

jeM 

where M runs over the bounded subsets of X and j-l^ is an arbitrary semi-norm on 
X. The topology on L{X*,X*) is defined in the same way. We state the following 
proposition: 

Proposition 3.1. Let X be a nuclear (F)-space and X* it’s dual space with the 
strong dual topology. Then the mapping * : L(X,X) —>■ L{X*, X*), T i —> T* 
is continuous. Furthermore if X is a dense subspace of X*, the mapping * is a 
topological isomorphism. 


Proof. Let M* be a bounded subset of E* and i? be a bounded subset of X. Let 
T G L{X,X). Since X is reflexive, we have 


sup \T*{C)\ 

4*gm* 


Pb° 


sup \{T*C,b)\ 


sup \Tb\ 

b£B 




(3.2) 


Now let X be dense in X* . Let T G L{X, X) and T* = 0. Then, for all ^ G X, 77 G 
X, we have (T*^, 77 ) = 0 and thus (^, Tr/) = 0. 

Since X in X* we obtain T = 0. Now let Q G L(X*,X*), then (Q*)* = S, which 
implies that * is surjective. The topological isomorphy follows by (3.2). □ 


The following theorem can be found in e.g. [KLPSW96],[HKPS93, Theorem 
4.41, p. 127 f] and [Kuo96, Theorem 8.6, p. 86f]. 

Theorem 3.2. Let 0 < f3 < 1. For all n G N let 'i’n G (E)’^ and Fn = 5'(4'„), 
where S denotes the S-transform. Then ('l'„)„gN converges strongly in (E)’^ if and 
only if the following conditions are satisfied: 

(i) lim Fn(f,) exists for each ^ G Ec 

n—^oo 

(a) There exist nonnegative constants C,K,p > 0, independent of n, such that 


\Fr,{0\<CeMK\f\f^), VnGN, CgLIc. (3.3) 

As an example we consider the convergence of Wick exponentials. 

Lemma 3.3. Let <j) G (E)* and (f) ~ {(f^, <))i, • • • , (frm 0, 0,0, • • •) be its Wiener-Ito 
chaos decomposition. Then the expression 
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converges in where 1 > /3 > , 

Proof. We show that the conditions from Theorem 3.2 are fullfilled. Without loss 
of generality let (pm ^ 0. 

Since (j) G {E)*p there exists p > 0 such that ^ < oo. For n G No and ^ G Ec 

n 71 

let := ^ and F„(^) := E ^ ${)). 

k^O /c=0 

n 

Condition (i) from Theorems.2 is fulfilled since = E 

exp(S'((/))(C)). 

It follows |F„(^)| < exp(|S'((/))(^)|). 

Because for r > min{2, m) we have 

\s{m)\< \^o\ + --- + \{<i>m,en\ 

<\M+ max (l^fcLp) • (m + |C|™) 

X rC 7n 

< |(/)o| + max (l^fcl ) • (to + 1 + l^p, 

it follows that condition (ii) from Theorem 3.2 is fullfilled with r = Q 

The following is an immediate consequence of Lemma 3.3 and comparisation of 
the S'-transforms. 

Corollary 3.4. Let {E)* with corresponding ehaos deeompositions (j) = 

((po, 4>i,' ■ ■ , 4>m, 0, 0,0, ...) and ip = (ipOjipi, ■ ■ ■ , ipm, 0, 0,0, ...). Then the formula 

exp^{(j) + Ip) = exp*(0) o exp*('i/') 

is valid in (E)*^, for all 1 > /3 > ^ max(0, to — 2). 

4. Wick multiplication and convolution operator 

The Wick multiplication operator and its dual, often denoted as convolution 
operator are well known objects in white noise theory, see e.g. [Obll]. We give 
a proof, that {E)p with the Wick product may be considered as a commutative 
sub-algebra of L{{Ep), {Ep)). For a similar approach see also [Obll]. 


Proposition 4.1. 

(i) Let ip G {E)*p. The Wick multiplication operator M^p, defined by 

Mp{ip) := po Ip 

is a well defined operator in L(fE)p, {E)p). 

(ii) Let p G {E)*p. The Wick multiplication operator M^,, defined by 

Mp{ip) := po Ip 

is a well defined continuous extension of M^, to an operator in L{{E)p, (E)p). 



FOURIER GAUSS TRANSFORMS 


7 


Proof. For (ii), see [Kuo96, Theorem 8.12., p. 92]. 

To prove (i) we know by [Kuo96, Theorem 8.12., see Remark, p.92], that for any 
p > 0 there exist suitable a > 0, c > 0, such that 

l</JOV'Lp_a.-/3 < C- 

Thus(po(.)GL((F;)p,(F;)^). □ 

Definition 4.2. The dual operator of the Wick operator is called convolu¬ 
tion operator and denoted by C^. 

The next proposition gives the Fock expansion of the Wick multiplication op¬ 
erator. 

Proposition 4.3. Let ip G (E)*^ and p ~ (pi, p 2 , • • ’ )■ Then M^, considered as 
Mip G L{{E)p, has the following Fock expansion: 

^ ^ .^n.oiPn) • 
nGNo 

Proof. Let ^,77 G Ec. Then 

= S{po^^){p) = S{p){p) ■ 5($c)(r7) 

= S{p){r]) ■ 


By [Kuo96, (10.21) p. 145] the Taylor expansion of is given by 

S{p){ri)= 

nGNo 

completes the proof, compare also [Ob94, Proposition 4.5.3, p.98-99]. □ 

Proposition 4.4. Let p G {E)*p and p ~ (pi, P 2 ,'' ')■ The convolution operator 
Cip is in L{{E)p, {E)g) and has the Fock expansion 

dp = ^ ( il0,n(v^n)- 
nSNo 

Proof. By definition we have Cp = Mp G L{{E)i3, {E)p). Moreover Mp*\{E)i3 = 
Cp, since Mp is an extension of Mp. 

Then, by Proposition 4.3 we have 



The following statement is an immediate consequence from the definition of 
integral kernel operators. 
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Corollary 4.5. Let ip G (L^)^ and (p ^ {pi,p 2 , ■ ■ ■)■ Then 

OO 

Lemma 4.6. Let S G L{{E)p, {E)*p) and S = ^ be the correspond- 

;,m—0 

ing unique representation as sum of integral kernel operators. Then: 

OO 

S($o) = 

1=0 

Proof. Consider the equation 

‘^l,m{Kl,m){p) = X! , P ~ (fn) G (E) p , 

n—0 

(4.2) 

then for $0 ~ (fn) with /o = 1 and /« = 0 for all n > 1: 

OO 

S(^o) = X! (■ ■> ®o 1) 

1=0 

□ 

Theorem 4.7. Let 0 < /3 < 1. The mapping 

E : {{E)^,-\-, ., 0 ) to{L{{E)p,{E)p),-\-, ., 0 ) p 1 -^ 

is an injective continous vector algebra homomorphism. In particular C is a topo¬ 
logical isomorphism from (E)'^ to Ini(C'). 

Proof. Linearity is given by the definition of integral kernel operators. In order to 
prove homomorphy, let ^ G Ec, pi, G {E)*i^. Then by Corollary 4.5 

= s{p,m • s{p2m • 

= S{piop2){C) ■ 

For injectivity let p G (E)^ and = 0. Then ‘ifip* = 0 and by 4.4 and 4.6 we 
obtain p = = 0. 

To prove continuity let p G (E)*^ and p := ^ (: x®" pn) be the corresponding 

nGNo 

chaos decomposition. Now let p > 0. Moreover let r > 0, such that 

< 1 ), 

where p := ||op- Choose g > 0 such that > 2. Then by [Kuo96, Theorem 

10.5, p. 128] we have for all (j G (E)p and m G No 

\^0,m{Pm){4>)\pp ^ ( to !2 ) 2 . ’ \4‘\(^p+qj^r),P 

< m!^ l¥’m|_(p+,) (2^p’')" • \^\(p+q+r),p 
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Now let K := { (2 2 , Then by Cauchy-Schwartz we obtain 

m^No 

{ml 2 (2 2 p’’)'" • | ^| 

m^No m^No 

^ |<P|_(p+q,)^P • |</>|(p+q+r),/3 


Now let M C (-E )/3 be bounded. Then sup ^ « < const{M,p,q,r) < oo and 

0GM ^ 

finally \\‘^ v \\ m ,{ p , 0 } - Kconst{M,p,q,r) ■ |v3|_(p+,)_p 

To prove the last claim, we use Proposition 3.1 and and represent C~^ as compo¬ 
sition of the two continuous mappings: 


C-^ : 




point 

evaluation 


%*{<^o) = V- 


□ 


The following statement is a consequence from Lemma 3.3 and Theorem 4.7. 

Corollary 4.8. Let p € {E)* and p ~ (po, Vir " i ‘Pm, 0, 0,0, • • •) be it’s chaos 
decomposition. Then the expression 

OO ^ 

eMK) ■■= E (4-3) 

«=o 

converges in L{{E)i 3 , {E)p), where 1 > /3 > max(0, ^ 7 ^)- 


5. Regular one parameter groups 

Let X a nuclear (F)-space over C and (|•|„)nGN be a family of Hilbertian semi¬ 
norms, with I’l^ < Hn.i.i for all n G N, topologizing X, see e.g. [Ob94, Proposition 
1.2.2 and proposition 1.3.2]. For x* G (X, H^)* we define 

|a;*|_„:= sup |(a;*,x)| 

By a Hahn-Banach argument, we have for all x G X : 

\^\n = sup{|(x*,x)| : X* G (X, \-\J* A |x*|_„ < l} 
for all semi-norms j-]^ , n G N. 


Definition 5.1. A family {flejggjj C L{X) is called differentiable in Oq G M, if 


VL0(j)-Q.g4> 

hm —-—-- 

^^0 0 — ^0 


converges in X for any (j) G X. In that case a linear operator Ll'g^ 
itself is defined by 


Ll'n <b := lim 


Ll0(j) — 
O-0O 


from X into 
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{riejggjg is called differentiable, if it is differentiable at each 0 € K. 
In the following we use the abbreviation: 


n' ■= 


Proposition 5.2. LetOo G M and C L{X) be a family of operators which 

is differentiable in 9 q. Then Tl'g is continuous, i.e. Tl'g G L{X)- Moreover we 
have uniformly convergence on every compact (or equivalently, bounded) subset of 
X, i.e.: 


lim sup 




4>(^K 


Vle(j> - 


9-i 




= 0 


for any n G N and any compact (or bounded) subset K G X. 


Proof. First note that a subset of the nuclear space X is compact if and only if 
it is closed and bounded. The assertion follows by an application of the Banach- 
Steinhaus theorem. 

(For the uniform convergence on compact subsets see e.g. [Sch99, 4.6 Theorem, p. 

86 ]. ) □ 


Definition 5.3. A family C L{X) is called regularily differentiable in 

9o G M, if there exists G L{X) such that for any n G N there exists m G N 
such that 


lim sup 


rtg(j) — ilsof 
O-Oo 



= 0 . 


n 


{rielggg is called regular, if it is regularily differentiable at each 0 G K.. 


Definition 5.4. Let be a family of operators in L{X) with 

V01, 02 G M : o flgji ^^0 = Id 

Then, as easily seen, is a subgroup of GL{X) and is called a one-parameter 

subgroup of GL{X). 


In the following we collect facts about one-parameter subgroups, for details see 
e.g. [Ob94, Section 5.2]. 


Lemma 5.5. Let {flelggR be a one-parameter subgroup of GL{X). 

(i) Then is differentiable at each 0 G M i/ and only if {17^}^^^ is dif¬ 

ferentiable at 0, i.e. there exists 17' G L{X) such that 


lim 

e->o 


Lte(j) — (j) 
0 



n 


= 0 . 


for all (f G X and n G N. 

(ii) Let {f7e}gg]j be a differentiable subgroup of GL{X). Then we have 

a) 17' is an element of L{X), further unique and is called the infinitesimal 
generator of the differentiable one parameter subgroup {17^}^^]^ of GL{X). 
Conversely a differentiable one parameter subgroup {f7ji}ggjj of GL(X) is 
uniquely defined by it’s infinitesimal generator, see ]Ob94, Proposition 
5.2.2, p. 119]. If {f7e}^gg is regular the infinitesimal generator 17' is 
called an equicontinuous generator. 
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b) is infinitely many differentiable at each 0 G R and 

in 

Vn G N : —ne = (O')" ong=ilgo (O')" 

K —>■ L{X), 0 I—>■ Og is continuous. 

Note that L{X) is equipped with the topology of bounded convergence, 
compare [Ob94, Section 5.2, Eq. (5.27), p. 119]. 

Lemma 5.6. Let T : R. —^ L{X) be a continuous mapping. If K is a compact 
subset o/R, then T{K) is equicontinuous. 

Proof. T{K) is compact, hence bounded, especially pointwisely bounded, by the 
definition of the topology of bounded convergence. The theorem of Banach and 
Steinhaus then completes the proof. □ 


Proposition 5.7. Let be a differentiable one parameter subgroup of 

GL{X). 

(i) {O^ilggju is regular if and only if for any n G N there exists m G N such that 

lim sup 
^->■0 | 0|„<1 

(ii) For any compactfor bounded) subset K G X we have 

lim sup 
^“*■0 4 >eK 

(Hi) Let Oq > 0. Then for any n G N there exists m G N and K{n,m) > 0, such 
that for all (j) £ X 


Qgfi - (j) 


9 


-n'fi 


= 0 . 


flgfi — (j> 


9 


- n'f 


= 0 . 


sup 

\g\<go,e^o 


Llg(j) — (j) 


< K{n, m) 


Proof. The statement (i) is easily verified, moreover (ii) is an immediate conse¬ 
quence of Proposition 5.2. To prove statement (iii) we have by (ii) and Proposition 
5.5 (ii) a), that the mapping 


L{X), 0 1 


,9^0 

n' ,9 = 0 


is continuous. Then the claim is obtained by Lemma 5.6. 


□ 


Theorem 5.8 (Regularity). Let {flelggjj be a differentiable one-parameter sub¬ 
group ofGL{X). Then is regular. 

Proof. Let n G N and f, £ X, rj £ {X, |•|„)*. We define for alH G R : 

f{t) := {r],ntO 

Then we have by Proposition 5.5 

fit) = {v,n'ntO 
fit) = {p, (fi')2o,0 
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Now let 00 > 0 be fixed. Then by Proposition 5.5 (ii) c) and Lemma 5.6, 
is equicontinuous. 

Thus there exists m G No, IC = K(0o, n, m, bl') > 0 such that 


max |/"(t)| <K\^\„^. 

\t\<&o 


\v\- 


Let 0 G K. with |0| < 0o. By Taylor expansion we have 

1/(0) - /(O) - 0 • f (0)1 < ^ inax |/"(t)| 

and for 0^0 


Hence 


such that 


sup sup 


(?7,HeO - {V,0 


sup 

l«L+^<i 


0 






& 

< —K 
- 2 


- 2 


lim sup 


0^0 


l«l„ + r„<l 




0 


- 


= 0 . 


□ 


Proposition 5.9. Let {S’ejggjj be a differentiable one parameter subgroup of 

GL{X) and be a family of operators in L(X) which is differentiable in 

zero with lim Tg<j) = <j) for all <j) G X. Then 
9 —>-0 


_d 


0=0^9 oTe = S' + T' 


//{Teiggjg is regularity differentiable in zero, then 
{S'e oTejggjg is also regularity differentiable in zero. 


Proof. Let n G N, 4> G X. Then {S'e| |0| < 1} is equicontinuous by Proposition 
5.5, (ii) c). Then there exist a semi-norm j-j^, with m G N and m > n, and a 
constant K > 0 such that |S'e(/)|„ < K■ |())|^ for all / G df and 0 G M with |0| < 1. 
Now \et (f G X be arbitrarily chosen. For 0 G K with |0| < 1 we have: 


Sg o Tg{(j)) - (f 


0 


< 


- S'4> - T\ 

Sg o {Tg{^) - cf) 


Sgo{Tg{cj))-d 0 ) , Sg{<f)-(j> 


0 


- S'4> - T'q 


< K 


<K ■ 

{Tg{4>) - 4>) 


0 

{T9{<f)-cf) 




Sgiff) - (/> 


0 


- S"(/) 


- S.gT'q 


Sg{(j)) - (j) 


0 


-S'cj) 


0 


-T'q 


+ K-\S.g{T'ct>)-{T'<f)\^ + 


Sgicj)) - <j) 


0 


- S'(f 
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Where last inequalilty follows by Theorem 5.8 and the continuity of T'. □ 

We use the following notation, due to [Ob94, Eq. (4.66), p. 106] 

Definition 5.10. 

n—1 

7„(r) := ^ Id®'^ 0 T 0 , n > 1 

70 (T) := 0 

Now let T G L{Ec). We recall the dehnition of the second quantization operator 
of T, denoted by r(r) and dT{T), the differential second quantization operator. 
Suppose (f) G {E)i 3 is given as 


cPix) = '£{: :, /„) , X G E*, /„ G (E®"),,™ 

n—0 

as usual. We put 

OO 

r{T)<l>{x) :=^{:a;®" :,r®"/„) 

n—0 

and 

OO 

dr{T)cl>{x) :=^(:x®":,7„(r)/„) 

n—0 

We have r(T), dr(T) G L{{E)p), for all 0 < /3 < 1. 

Lemma 5.11. Let {HelggR be a differentiable one parameter subgroup of GL{X) 
with infinitesimal generaor LI'. Then, for all n G N, is a differentiable 

one parameter subgroup of GL{X®'^) with 

^L=0 = Inffl') 

Proof. We show the case n = 2. The general case is similar. 

It holds 

fig 0 fig = ( fig 0 Id) o (Id (g) lie) 

Now apply Proposition 5.9 □ 


Proposition 5.12. Let 0 < /3 < 1. Further let be a differentiable one 

parameter subgroup of GL(Ec) with infinitesimal generator fl'. Then r(ne)tigR is 
a differentiable one-parameter subgroup of GL((E)p) with infinitesimal generator 
dV(fl'). 

Proof. Note that for 0 < /3 < 1, the sequence (a(n))rigNo ^i^h Q;(n) := n!^ fullfills 
the conditions of [JiOO, Theorem 4.2, p.696], where a detailed proof, based on the 
characterization theorem, is given. On the other hand the expected result is easily 
seen by Lemma 5.11. □ 

For a similar statement like Proposition 5.12, see [Ob94, 5.4.5, p. 130-131]. 
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Proposition 5.13. Let be a differentiable one parameter subgroup of 

GL{Ec). Further /ei r G N, 1 > /3 > and G {^c'^Ysym- 

Then {exp{Eo,rmTYKo,r))},^^ C GL{{E)g) is an in zero differentiable fam¬ 
ily of operators with 

^ L=0 exp(So,r-((f^f”’)*'«0,r)) = Eo^rihri^'))* K0,r) O exp(So,r-(('«0.r))- 

Proof. First, because R is a metric space, it is enough to consider sequential 
convergence, i.e. the limit process for any arbitrary sequence (0n)nGN in R with 
lim 9n = 0. Consider the sequence |exp*(:a:®’’ (0 ?”’)*ko r)| r,- Then the 

limit process will be transferred to L({E)p, {{E)p)) by continuity, using Theorem 
4.7. 

Now let (0n)nGN be an arbitrary sequence in R with lim = 0 and 0 for 

n—^oo 

all n G N. Further define 


exp^((: 


l*i^o,r)) -exp’^{{: x®’’ :,No,r)) 




Tn ■ = 

for all n G N. Then, by Lemma 3.3, we have i^„ G {EYp for all n G N. We verify 
the conditions of Theorem 3.2. 

Let ^ G Ec- Then for all n G N 

\ie\ exp((Ko.r, - exp((Ko.r, 

S{Tn){£.) = -2-T- 

First note that for all n G N the S'-transform S{(pn) is entire holomorphic. By 
Lemma 5.11 and Proposition 5.5 we obtain as a regular one-parameter 

subgroup of {E®'^)sym with 

d 

dB' 

Hence the function 0 i—>■ (kq.d is infinitely often differentiable on R 

and the same holds for 9 i—>■ exp((Ko,r 5 (H®’")^®’')) as composition of two infinitely 
many differentiable functions with 

±expi{Ko,rA^T)e^)) = {no,r,lrWTe’') ■ expi{^o,rA^fie'')) 

Hence lim {S{(fn){f,)) exists and we have: 

n—^oo 

lim 5 '(v 3„)(0 = • exp((Ko,r,?®’')) 

by the chain rule and Proposition 5.12 

For the growth estimate let p > 0. Without loss of generality let |0„| < 1 for all 
n G N. Then, since and are compact by 5.6, there exists a 

q>0 such that, V6» G R, \9\ < 1 we have |He(’|)|p < and < |C|p+,j. 

Then, by the mean value theorem and by Proposition 5.5 (ii) b), it follows for each 
n G N: 

\s{ipn)m < sup |(«o..,7r(f^')^^rc®0-exp((«o..,(o®’')e®’-))| 

|e|<i 
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< \K0,r\-p ■ r |^|p+, • expd^o.rLp • |?|p+g)) 

< l^o.rLp • r(r!) • exp((l + |Ko.r|_p) • l?lp+,)) 

< I^O.rLp • r{r\) ■ exp((l + |/«0,r-|_p) • (1 + \^\p+q)), 

for all 1 > /3 > The claim is a consequence of Theorem 4.7. □ 

The same idea as in the proof of Proposition 5.13 combined with Theorem 5.8 
leads to the following result. 

Proposition 5.14. Let r G N, 1 > P > imax(0,r — 2). Further let ip G (F)^ 
with ip ~ [ipQ,--- , 0,0, 0, • • •). Define Sg := exp(0 for 6 * G K. Then 
{Sg : 9 G M} is a regular one parameter subgroup of GL{{E)p) with infinitesimal 
generator . 

Example 5.15. Let y G E*. As simple example consider the operator So,i(j/). 
Recall that Dy = So,i(y) and the translation operator Ty = exp(I?j,). 

Let z G C. From zAq = E!o, 2 ('Z'r), where r is the trace operator, we conclude that 
exp( 2 ;AG) G L{{E)i 3 , {E)p), for all 0 < /3 < 1. 

6. Generalized Wick tensors and an application 

Our goal in this section is to rewrite Fourier-Gauss transforms as second quan¬ 
tization operators. This will be accomplished by suitable basis-transformations 
which will be explicitly calculated. For this purpose we introduce generalized 
Wick tensors. In this context Fourier-Gauss transforms appear as second quanti¬ 
zation operators of the form ,,(0^)}. As an application we deduce explicitly 
the regular one parameter groups corresponding to the infinitesimal generators 
oAg + hN. 

First we repeat some definitions. Let a,b G C, 0 < fi < 1. The Fourier-Gauss 
transform &a,b{‘p) of (/? G {E)j 3 is defined to be the function 

^a,h{^){y) = J (p{ax-\-by) dfi{x) 

The Fourier-Gauss transform is in L{{E)p, {E)p) and the operator symbol is given 

by 

eaA^,v) = exp ^ (a^ + - l) (C,C), for all 77 G Ec 

see e.g. [Kuo96, Theorem 11.29, p. 168-169]. Hence 

©a.b = r(6 Id) o exp{^{a'^ + b'^ - 1)Ag) 

By [Kuo96, Lemma 11.22, p. 163] the operator symbol of the Fourier transform is 
given by 


V) = exp{-i {f, v)-^ iv, V)), for all f,T]G Ec- 
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Consequently 

^ = exp{-^Aa)* o r{-i Id) 

Moreover the operator symbol of the Fourier-Mehler transform is given by 

'Se{^,ri) = exp{e^^ (^, 77 ) + sin9 {p, rj)), for all ^,77 G Ec, 6 » G M, 

see e.g. [Kuo96, 11., p. 180]. Thus the Fourier-Mehler transform is given by the 
formula 

1 * 

g'e = exp(^e^^sinO Aq) or(e*®Id). 

In the following let % denote the adjoint of the Fourier-Mehler transform 
Finally by [Ob94, Proposition 4.6.9, p. 105] the operator symbol of the scaling 
operator is given by 

^(^,77) = ea:p((A"-l)(e,e)/2 + A(^,77)), for all^, 77 G Flc, A G C. 
and consequently 

Sx = r(A Id) o exp ^ ^ Ag^ 



As a simple example we have for x G E the relation : a;®” : = : a;®" 

More usually is the abbreviation : a;®” : a;®” 

Note that Ko,m = 0 is permitted, e.g. : a;®” :o= a;®”. But we don’t permit m = 0. 


There exists 0 in L((E),(E)) defined by 0(exp((.,5))) := see e.g. [Kuo96, 
Theorem 6.2]. Since f dp = 1 we call 0 the renormalization operator. 

E* 

Proposition 6.2. (i) 0 = exp(—AA q) 

(a) For all fm G (A®'")sym we have: 

e((a:®’",/™)) = (:x®’" 
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Proof. By Corollary 4.5 we have for all ^ € Ec'- 


exp(iAG)4’c = 

= exp(i (^,5))exp(-i 


By Proposition 5.14 0 is invertible and the first statement is proved. To proof the 
second, let m G Nq. Note that for m < 2n we have 

So.2„(t®")((: T®’” ■.,fm)) = 0 


oo 

Thus 0“^ = exp(iAG) = X) 2^2 o,2„(t®”). 

n—0 

Let m > 2n and 6ij be the Kronecker symbol. Then by [Ob94, Proposition 4.3.3, 
Eq. (4.23), p. 82] it holds: 


So. 2 n(T®")((: -Jm)) = £ 2 :®'= :,r®" ® 2 „ 4+2„.™ • fm)) 


k=0 


ml 


(m — 2n)! 
ml 

{m — 2n)\ 
ml 

[m — 2n)l 


^:^®m-2n :,r®"®2„/r„) 


(:a;®™-2”: ®r®”,/^) 




®n r 
' 1 Jn 


where the last equation is due to the symmetricity of f^. 

Then 

exp(-AG)((:x®-:,/4)= 

\ n^O 

= 

compare also[Ob94, Corollary 2.2.4]. □ 


(m — 2n)!n!2’^ 


0m—2n 


0n 


Note that G (E) since <i>j G (E). 

OO 

Corollary 6.3. Let ^ G Ec- Then the series = X ^ (•>?)" converges in 

n=0 

(E). 

Proof. Let ^ G Ec- Since 

OO ^ 

n—0 
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converges in (i?) also 

oo 

exp(-AG)<I>c = ^^(x®",e®") 

n—0 

converges in (i?). □ 


The following proposition generalizes Proposition 6.2. 

Proposition 6.4. Let r G N and Ko,r G ((L^c)®’')sy„i- f'or all fm G {E^"")sym we 
have: 

exp(-lso..(«o..))((x®’”,/^)) = (: '..o.r, fm) 

Proof. Let to G Nq. Note that for to < rn we have 

So .™«”)((: cr ®'":,/^))=0 

OO 

We have exp(-iSo,r(Ko,r)) = £ 

n=0 

Let m > rn and Sij be the Kronecker symbol. Then by Theorem 4.7 and Propo¬ 
sition 6.2, using [Ob94, Proposition 4.3.3, Eq. (4.23), p. 82], we have: 


fm)) = exp(-AG) O So.™«;?)((: x®™ :, fm)) 
= exp(iAG) 




7,t 


rn 


{m — rn)\ 

f \ _ 
■0,r 5 ~ 


’ '^0,r 


^rn frn} 


■(x®™-™ 0 Ki 


/ \ I \*^ "t j rri / X ■ 

[m — rn)\ ' ’ ' [m — rn)\ 

where the last equation follows because fm is symmetric. 


6$m-rn A 0n 


'^O.r 1 Jm 


Then by the above definition we have: 
1 

exp(-:rSo,r('«o.r))((a;®’”,/m)) = 

\ n^O 


ml 


{m — rn)\nl ^ 2 




^0n r 
'^0,r ’ 




-,/m) 


□ 


Notation 6.5. In the following we use 0 • t in order to express that we consider 
0 G (l;®2)*. 

Theorem 6.6 (Representation theorem). Let r G N, 1 > /? > 

Ko,r G {{Ec)®^)*sym- Then each (,^„)„gNQ ^ (p € {E)^ has a unique decomposition 

OO 

p(x) = ^ (: a:®” {i’n)no,r) , ^uad for all x G E* 

n—0 

with {'tpn)Ko,r G (-E'c”)sy™’ which we denote as Ko,r - representation of p. 
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Proof. First note that ip has a unique Wiener-Ito chaos decomposition 
see e.g. [Ob94, Theorem 3.1.5]. Then the existence and uniqueness of the above 
representation follows by the bijectivity of exp(—iA( 3 ) o exp(iSo,r(«^o,r))- Recall 
Corollary 4.8 and the following chain of mappings: 


'K^O,r^yn/ ' ^ \*^ 




□ 


Remark 6.7. The S'-transform of G {E) is a restriction of the Or - representation 
of exp(iA( 5 )i^ from E* to E. 

Note that we do not claim that the above decomposition is an orthogonal decom¬ 
position with respect to the measure /i, like the chaos decomposition. We claim 
only the uniqueness. 

Definition 6.8. Let r G N, 1 > /3 > ^ ^ {Ec'')tym- For T G 

L{{E)i3, {E)p), we define: 

Rto.r := exp(i(AG - So,r(Ko,r)) o To exp(-i(AG - So,r(Ko,r))) 

Tkq r- called the renormalization of T corresponding to Ko.r- Obviously ^ G 
L{(E)i 3 , {E)p). For O G L{{E)p) we abbreviate 

resp. 


Remark 6.9. It is clear, that ,, acts formally on white noise test functions in Ko^r 
- representation like T on white noise test functions in the standard representation 
as Boson Fock space. We precise this statement by the following proposition. 

Proposition 6.10. Let r G N, 1 > /3 > ^ Eor 

OO 

T G L{{E)p,{E)p) and ip G {E)p with ip = ^ {'■ a;®" '■,fn), we use the notation 

n—0 

OO 

T{p) = {■ a;®" ifnW)- Then it follows: 

n—0 

OO OO 

T.oAJ2 -0,.,/n) = E AAt) 

n—0 n—0 

OO 

Proof. The expression Y {■ 3^®” -Korifn) is well defined because 

n—0 

OO ^ .. OO 

E (: :Ko.r>/n) = exp(--So.r(Ao.r)) o exp(-A g)(E (' 2 ^®" b/«))■ 

n—0 n—0 

By Corollary 3.4 and Theorem 4.7 we have 

exp(-^(AG - So,r-(Ko.r))) = exp(-iAG) o exp(i"o.r('«o.r))- 
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Then using Proposition 6.2 and Proposition 6.4, the claim follows with the same 
idea as in the proof of Theorem 6.6. □ 

The following formula is suitable for the calculation of renormalized second 
quantization operators. Recall that for all T G L{Ec, Ec), we have r(r) G 
L{{E)p, {E)^), where 0 < /3 < 1. 

Corollary 6.11. Let r G N, 1 > /3 > ^ g Then for all 

T G L(Ec,Ec) we have 

= r(r) o exp(iso, 2 ((T ®2 _ Id^^nr))) 

oexp(-iso..((T®’--Id®’-r(Ko..))). 

Proof. On the one hand we calculate 

r(T) o exp(iso.2((r®2 - Id®2)*(r))) o exp(-iso.,((r®^ - Id®’-)*(«o..)))$« 

= (exp(i (r, _ i)^®2^)) . (exp(-l (M, (T®’' - l)e^)))<i>Ti 

On the other hand by Definition 6.8 

= exp(i(AG - So,r(Ko.r))) O r(r) O exp(-i(AG - So,r(No,r)))(4>5) 

= exp(-i((^,C > - < • exp(i(AG - So,r(Ko.r)))(4>T4) 

= exp(-i((^,C > - < • exp(i((Te,re) - {Ko,r,iTO^A))^Ti 

= (exp(i (r, . (exp(-i {{noA, 

□ 


We consider some concrete examples to Corollary 6.11. 
Example 6.12. Let & G C, 0 G M and ko ,2 G Then 


(i) 


(ii) 

(hi) 


r«o, 2 (^ Id) = r(6 Id)exp(i(6^ - 1 ).^o, 2 (t - ^ 0 , 2 )) 
Tko, 2 {A Id) = r(e*^ Id) o exp (z • e^^sinO ^o, 2 {t — ^ 0 , 2 )) 
ri^(e*® Id) = r(e*® Id) o exp Aq) 


By [Ob94, Lemma 5.6.1, p.l40] we conclude that ri^(e*® Id) is the adjoint 
operator of the Fourier-Mehler transform #^ 1 . 


The next example gives conditions under which the Fourier-Gauss transforms 
are renormalized second quantized operators. 
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Example 6.13. Let a, 6 G C and b ^ {—1, !}• Choose a with = jz-p-- Then 

r^ 2^(6 Id) = ©a ,6 

Which follows immediately by Example 6.12(i) with ko ,2 = 

Remark 6.14. In the special case a = 0, we have for the scaling operator Sb ■= 
®o .6 = ror(&Id), i.e. 5'f,((a;®",/„)) = • /„) for all n G No, /„ G 

With a,b G C, b ^ {—1,1} and we have 

ra 2 Ko. 2 (^ Id) = r(& Id) oexp(i [a^So, 2 (Ko, 2 ) + - 1) Ac]) 

Theorem 6.15. Let {Tejggjj be a differentiable one parameter subgroup 
of GL(Ec) with infinitesimal generator T'. Further let r gN, 1 > /3 > niax(o,r- 2 ) 
and Ko,r G Then {Tko ^(r6i)}ggjj is a regular one parameter subgroup 

of GL{{E)is) with 

dr.o,,(T') = = dViT') + iso,2(72(T')*T) - iso..(7.(T')*«o..) 

Proof. By Corollary 6.11 we have 

^.oATe) = r(T,) oexp(iso.2((r®2 _ ld®2)*(^))) 

oexp(-iso..((T®’--Id®’')*(Ao..))). 

First note that {GoT(Tg) oG~^) 0 ^k is obviously a regular one-parameter subgroup 
of GL{{E)p) for all G G GL{{E)p). 

Consequently (Eor(T 0 ))egR, with 

ro.(T,) = r(T,) o exp(iso,2((T®2 - Id®")*(r))), 

is a regular one-parameter subgroup of GL{{E)p). Because 

r«o..(r«) = r(T,) o exp(iso. 2 ((r ®2 _ 

O exp(-iso..((Tr-Id®’')*(Ao..))), 

the claim follows by Proposition 5.9, then Proposition 5.12 and Proposition 5.13. 

□ 

Corollary 6.16. Let a,b G C and b y 0. 

Then Id) = aA^ + bN. 

Proof. By [Ob94, Proposition 4.6.13., p.l07] we have N := Sip(t) = (ir(Id). 
Because bid is the inhnitesimal generator of it follows by Proposition 

5.12 that 

Id)) = dAb Id) = Si,i( 6 t) = bN, 
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for 6 € C. 

On the other hand, in the general case r G N, 1 > /3 > g 

it holds from Theorem 6.15, with T' = Id, that 

^-o,r = ^L=or«o,.(e"ld) = iV + Ag - ^So..(«o..). (6.1) 

Multiplicating both sides with b, the claim is immediate with Kg.r = (1 ~ f )t- D 

Remark 6.17. Let b ^ Q. The regular one-parameter subgroup 

{r(i_Id)| c GL{{E)p), 0 < /3 < 1 

can. Example 6.13, be identified as the Fourier-Gauss transforms {©j, e'x’}, where 
x2 = (l-f)(l-e2*'«). 

The case 6 = 0 is solved by 5.14. We get |®^/^ i| as solution. 

Note, that the special choice of x from has no influence, because {&x,e’>o} only 
depends on and 

We summarize this discussion using the definition of the Fourier-Gauss trans¬ 
form in [Kuo96, Definition 11.24, p. 164]. The following theorem is a generalization 
of the Mehler formula for the Ornstein-Uhlenbeck semigroup, see e.g. [HKPS93, 
p. 237] 

Theorem 6.18. Let a, 6 G C, 0 < /3 < 1. Then a ■ Aq + b ■ N is the infinitesimal 
generator of the following regular transformation group {Pa,b,t}f^^ C GL{{E)p): 
(i) if b ^ 0 then for all tp G {E)p, t G M: 

Pa,b,t{T) = J - ^)(1 - -x + e^Py) dp.{x) 

E* 

(ii) if b — 0 then (p G (-£^)/ 3 , t G M: 

Pa,o,tiy^) = j ^{V^-x + y) dyi{x) 

On an informal level the second case of the above theorem may be considered 

as a special case of the first one. Note that by the rules of I’Hopital we have 

lim(6 — a) — = 2at. 
b-s-O " 

7. Summary and Bibligraphical Notes 

The investigation of regular transformation groups in this manuscript can be 
compared with [GJ98] .There the authors first construct a two-parameter transfor¬ 
mation group G on the space of white noise test functions {E) in which the adjoints 
of Kuo’s Fourier and Kuo’s Fourier-Mehler transforms are included. They show 
that the group G is a two-dimensional complex Lie group whose infinitesimal gen¬ 
erators are the Gross Laplacian Ag and the number operator N, and then find an 
explicit description of a differentiable one-parameter subgroup of G whose infini¬ 
tesimal generator is oAg + bN, which is identical with ours. 
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Using the unique representation of white noise spaces by generalized Wick tensors 
and corresponding renormalized operators we have presented a different way which 
leads to the more general result for the spaces {E)ji. Using convolution operators 
and the fact that differentiable one parameter transformation groups on nuclear 
Frechet spaces are always regular, convergence problems could be solved. 
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